UDC 533, 6,011

ON CERTAIN GAS FLOWS IN A GRAVITATIONAL FIELD
PMM Vol, 42, N¢ 1, 1978, pp, 96- 104
A, F,SIDOROV
( Sverdlovsk )
(Received May 31, 1977)

New exact solutions are derived for the equations of plane-parallel isentropic
flow of gas with polytropic equation of state in a gravitational field, It is
shown that when the adiabatic exponent exceeds two these solutions define a
mixed flow of supersonic and subsonic streams in infinite channels of special
form. An exact solution of the unstable problem of dispersion of gas into
vacuum at infinitely increasing speed is obtained.

1, Stable isentropic plane-parallel flows of inviscid gas with polytropic equation
of state in a gravitational field are defined by a system of equations of the form [1]

du, 2 dc :
u1 T Lyt az LA A Y—i C—+Gi=0 (i=1,2) (L.1)
‘y ouy duy
U 5z, 6::: + Y2 5z 6:0 + (611 +azz)

where Uy are components of the velocity vector, ¢ is the speed of sound, and o
are constants which define action of gravity forces.

Let us consider the potential case in which system (1, 1) reduces to a single equation
for the velocity potential @ (z,, z,) and the speed of sound is determined by the
Bernoulli integral

D D)y + 2 DD, D1y + DDy + ;D + @y — (v — 1) x (1.2)
[K — a2 — ayzy — s (D2 4 2] (g + Dyp) =0
(©; = 0D/ dz;, Dy, = 0%D / 9z; 0z, K = const)

= (v — 1) [K — 0121 — aazy — /5 (D12 + D,2)] (L.3)
Applying to (1, 2) the Legendre transformation
V == (Dl.xl + ®2$2 _ (D (104)

we obtain for the new unknown function V (uy, o) (@, = u,, Oy = u,) the
Monge— Ampere equation

UVay — 2 uguy Vg + ua*Viy 4 (g8 + agley) (ViyVay — Vip®) — (1.5)
(v — DK —a,Vy — aaVy—1sa (u? + us?)] (Vg + Vi) =0

The solution is reestablished in terms of coordinates 2; and 2z, by formulas

Vl = Iy, Vg = T3 (Vk == aV/auk, Vik = 32V/0u,-0uk) (1.6)

We seek for Eq. (1.5) the class of exact solutions in the form of a third power poly-
nomialin u; and U,
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Kuy

V(uq, up) = o, -+ Kug

20y

i, k
-+~ E Qixlly U™  ay, = const (1.7)
0<Ci+Hk<C8

The constant @y in (1.7) is unimportant and for the remaining a;; we obtain
from (1, 5) a nonlinear system of ten equations with nine unknown a;, (0 <i +
kE<<3) and parameters o, oy, and Y. Without affecting the generality we
set oy = a, = a (the force of gravity acts along the bisectrix of the first coordin-
ate abgle), The system of four equations for the determination of the leading coeffi ~
cients agg, @qy, G5y, and a3 is independent (it does not contain remaining @ ).
By setting

6aa30 = yl’ 6aa03 = Y3, zaalz = Zl’ 2&(121 = 29 (1.8)

that system can be expressed in the form

3 —3
l:;—iylyz+vylzl+(v— Nz + 5 —1)yz + L 52+ (1.9)

—1 1 -v—>5
Yz yzzz+(Y—2)Z1Zz+Y;— yz-l-vz z2,=0 (12

—1 1 —1 —1
Vz ?/12+Y_; y121+vz ylzg——zzz—!{—vz 2122 +

—1 1

where thesymbol 1 «» 2 indicates that the remaining equations are obtained by the
cyclic permutation of subscripts 1 and 2,

The problem of determining leading coefficients of representation (1, 7) is thus re-
duced to the problem of determining all points of intersection of for second order sur-
faces defined by system (1.9) in the four- dimensional space Yy, Y2, %1, Zs.

We shall present a complete analysis of solutions of system (1,9),

First, we carry out the linear transformation of variables in (1,9) (rotation of co-
ordinates ) by introducing new variables §;, &,, 1,,and My by formulas

=l — VY Ba=8— 2 M =Y+ Yo e =12 + 2 (1.10)

In these coordinates system (1,9 ) assumes the form

rE= 3 ler et~ T ea g (p— B+ It 1y

VEine + v;:% No? £ 8 =28 + v (v — D& 4
G+DLE+HE—Dm++1)n=0

Pr=—23lerppg 4 1o len 4 Y go g @y —)Em, +

Dt (2 — V) B (7 + D) B + By — 2 T

G+HDEFE—NE+EG+F)m+(y—5n=0
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Composing the linear combinations 4 (F,* — F,”) = 0 and 4 (F~ — FJY)
= 0, we obtain
Blv—Dm+ e+ rv—11+EEM+2p+y+1)=0 (L12)

BIy =Dy — v — 11+ LI — )+ (¢ + 1)y, —
y+51=0

We shall now consider two cases:

1°, (El» Ez) == (07 O), and 2 °, (gl’ gz) F (O’ O)'
In case 1° we obtain for the unknown 1, and %), from the equations F;* =
and F;” = 0 the system

, —1 —3
Fil= L=+ g fyn + (0 —Dm+ (7 + Hme =0 (1.13)

Fy = ‘”2"1 n1“+5"{9na“+(3v~—2)nmz+(v—l—1)m+

(v—95)m=0
The linear combination (y 4 1) F;*' — (y — 1) F,”" = O Yyields the relationship
Ll =3+ + =3+ —2@—1)]=0 €LI14)

Equating in (1, 14 ) the second term to zero, from Eqs, (1, 13 ) we obtain for "2 a quad-
ratic equation, Its solution in case 1° presents the following possibilities:

Mm=—21=0 (1.15)
"‘=(2—V;%(12):_w’ “2=%2‘1—_1%) (1.16)
m=—§—i—$, n’=§—:117(7*3) (1.17)

and in case 2° from (1, 12) we have
I T e (1.18)

with m; and 7, related by the formula

W=D -2 —mH) +2(— v+ — ) + (1.19)
2(— v+ —HM+ 42y —1)=0

The case in which the numerator and the denominator vanish in (1, 18 ) when

— 2 a2
=T e 2L og (1.20)

yields after the analysis of compatibility of Egs, (1,11) y =4 or 9y =1/, .
Hence this case can be eliminated,

Ifin (1.19) ¥ = 2, then from Egs. (1.11) for 1, and M, we have only the
possibility (1,15) but, then, & = & = E, where & is an arbitrary number. Be-
cause of this we consider below (1,19) for 7 % 2. The second equation relating

m; and 7, is obtained from (1,11), taking into account that in (1.11) the sum of
all terms containing first powers of £, and g, are zero owing to (1.12).Then from
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Egs, (1.11) for F1* = Oand F~ = 0, follow relation (11r and }I' which are defined
in (1.13)) we have o+

(=082 + 28— (v+1)E2  _ Fy (1.21)
—OHDE RGO -DE T 77

which with the use of (1.18) we reduce to the form

YO =DM A (v — 1) (5v* — 5y — 2) myPny + (v — 1)* X (1.22)
(v =Y + (v =D GV =Ty +6)n? + 2y (v — 1) X
=22 +4(WV -4+ v+ Dms + 2 (¥* — 5 +
y—6)n’— v (v—1Dm —4(y+ n,=0

Then, setting My + My = ¢ and using (1, 19) for representing 1), and 7, in

the form

M ={r =D G -29@ 2l £HC -V +2y—~1g+ @)
42y - {2(v—2) (v — 1) ¢ — 2}

we obtain from (1,22) a fifth power equation for the determination of ¢ , Owing to
its unwieldiness that equation is not presented here, Its roots are of the form

2 2
q1==—~——2, q?‘z—'\;———z-’ Q3=Q4=q5=-§—__—1—— (1.24)
The case of @ == 34,5 when denominators in (1.12) vanish is of no interest,
since it follows directly from (1.19) that y = 2. When ¢ == ¢q; = — 2 we have

m=—2, ny =0, &, =8 =¢§ (1.25)

where E° is an arbitrary number,
The case of g = ¢, corresponds to the already considered possibility (1.20),
Thus for the leading coefficients (1, 8) it is necessary to consider the three possi~
bilities (1.25), (1,16), and (1.17),
We pass to the analysis of the system for coefficients at quadratic terms in (1,7),
It follows from (1,6 ) that it is always possible to obtain @,4 == gy, = 0 byasuitable
transfer of the coordinate origin, Setting

zaazo = }L, 2aa02 =V, aau = 7\/ (1. 26)

it is possible to have a system of equations which must be satisfied by w, v, and A
of the form

W=AM+ =@ +MB+V)=0 @ov, v +zp— (L.27)
220 -+ 2v + (v — 1) V2 (4 + 2, + 1) (w4 v) +
(42 + 2z3) (n + A)] =0 (12, pov), Y + 239 — 220 4 y;v —
220 — 20 + (v — ) [(z; + 2) (0 +v) + (9, + ) +
B+ M+ @tz)0+M=0

System (1, 27) has the solutions u = v = A = 0, and its simple analysis shows
that there are no other solutions for all Yy and 3z, determined by (1,10) in terms
of & and 7y, thatcorespond to (1,25), (1,16), and (1,17) wheny >> {1, Hence
only third power terms remain in formulas (1, 7) and their coefficients are determined
either by (1.25), (1,16), or (1.17),
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2, Let us consider the physical meaning of the derived variants of the solution of
Eq, (1.5). For each of these solutions to have a realmeaning it isnecessary to establish

1) the positiveness of the right-hand side of formula {1, 3) which defines the square
of the speed of sound;

2) the possibility of inversion of formulas (1,6), i.e. the possibility of passing from
the hodograph plane in which the solutions are derived, to the physical plane %y, Z;

3) the absence of limiting lines in the flow field,

Let us consider all three solutions from these aspects and establish related flow pat-
terns by determining their streamlines and lines of constant density of gas,

In the case of (1,25)

§—2 2 2.1
T PRI

Using (1.3 ) and (1, 6) we find that the speed of sound is identically zero, hence
this possibility must be rejected.,
In the case of (1,16)

29 —1){(2 — 2p—1

and from (1,3 ) we obtain
= — S (.‘, 0 v (u? 4+ ue?) -+ 2 (2y — 1) uyus] (2.3)
which shows that in the hodograph plane the lines of constant speed of sound are hyper~
bolas with asymptotes
wp=Math, M=y 1—22r£VG-DBY—1) (2.4

Since the discriminant of the trinomial in (2,3) is positive for alt ¥, the right-
hand side of (2,3) is nonnegative in the sectors contained in the second and fourth quad-
rants formed by the asypmtotes (2,4 ) in the plane u;, s ,

Calculating the Jacobian J by formula (1,3) we obtain

D (z1, 2y — 1P
I=3 &Z;. ZZ)) - 2((}’?“ 1)3 — (Yua® + 2uug + Y1) <O

Consequently, the transition to the &y, Z» -plane is always possible and there
are no limiting lines in the flow ( J = 0 only at point (%, u,) = (0, 0) ).
The transition to the physical plane x,, z, is effected by formulas

Zy = 2£a + Wf (g, uz) (i=1,2) (2.5)

2
Frusy u2) = fa (s, ) = =50 uy® -+ Yuugiy + - us?

Since the constant K in(2,5) is immaterial, weset K = 0.
Integration of the equation of streamlines

dxlful == dleu2
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yields for these the following parametric formulas:

2(%y

z;=Cry|1 —u*|u? L+ _(2"7_1)u+1 fsfi(l,u) (i=1,2) (2.6)
___2(—1) _ 2y
o= 5T ' P=— 37—

where the parameter u & (1_, M,), and for a particular streamline C, = const

Along the straight lines
Zy = Nt (2.7)

the speed of sound is zero and the streamlines asymptotically approach these with u—» 1.

Streamlines I, and l; , and asypmtotes S, are shown in Fig, 1 in the hodo-
graph and the &, z, planesfor 9 = 1.4 and ¢ = 3 by solid and dash lines,

respectively,
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The flow region I comprises the whole of the third quadrant (density indefinitely
increases along the quadrant bisectrix with increasing distance from the coordinate ori-
gin ), and is bounded by segments of asymptotes S, that separate the flow  field
from the vacuum zone W. When y < 2 the flow is supersonic throughout T ,
while for y > 2 two sonic lines m; and m, appear in it (merging for y = 2
at the bisectrix =~ #; == %3 ) so that the supersonic stream rising from infinity against
the force of gravity is decelerated, becomes subsonic after crossing line m; and, then,
after crossing line mg is accelerated and becomes again supersonic.

In the case of (1,17) we have
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gy = — 0 EY gy = 21
Bo= 0 =" Ta@—y T T GETy
2= (12 (1 — g)? (2.8)
2@—yp vt
_ y:—1 4
T =~ e (wf — i+ w)

Hence Y needs to be considered only in the range 1<y < 3. Formulas for
passing to the  z;, , -plane are of the form

8; (w1, us) .
xi::—m__?) (l=1,2) (2.9)
—1
81 (Uyy Us) = ga (U, Uy) = — 3_;? Uy + (v — 1) ugus - ¥ 5 Ua?

The lines of constant speed of sound ¢ = § are straight lines in the hodograph
plane and parabolas
= 1 B—=yp ]
ath= =Gy @)= oy
in the &, Z3 -plane.
The second of Eqs, (2.9) implies that along the straight lines

Uy =psthy, px=—11RLVE—DF+1D)>0 (2.10)

theJacobian J vanishes, and the equations of streamlines are of the form

2= Dyl —uler |u? + Y’ﬁiu+1“"gi(1,u) (1=1,2) (2.11)
mﬂ::_%j_:—_iﬂ u & (U, u,), D, = const

ur =@ -1 —2yV B =D+ D)0

There are also two straight streamlines
x2 = uixl (2, 12)

to which all streamlines asymptotically approach when u — u4+ ,Thespeed of sound,
contrary to the case of (1,16), indefinitely increases with increasing distance from the
coordinate origin,

To determine the flow as a whole without limit lines it is necessary to consider as
the region of flow in the hodograph plane, the sectors in the second or fourth quadrants
bounded by the straight lines

Up = Ugly (2.13)

By virtue of (2,10 ) the Jacobian J does not vanish within these sectors and the
passing to the  z;, z, -plane using (2, 9) is unambiguous, In the z;, & -plane the
straight line x, = xz, corresponds to the bisectrix of sectors (u; + u, = 0) .The
speed of sound indefinitely increases with the increasing distance along that line from
the coordinate origin when ; =3 <0 .

The asymptotes (2,12) and (2, 13) and two streamlines !, and I, which form a
channel in which flows a supersonic stream of gas are plotted in Fig. 2 in the hodograph
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and the I, T -planes for Y = 1.4 , Asin the case of (1.16), for 2 <<y <3
a subsonic zone bounded by two sonic lines (that for y = 2 merge with the line z;
= Z3 ) and containing the bisectrix z, = z, appears in the flow,

Note, If the sectors bounded by the straight lines (2,3) in the hodograph planes
which encompass the first or third quadrants are used for defining the flow region in the
hodograph plane, it is not possible to construct a flow which, as a whole, is free of
limit lines.

/1
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s A A

/

p—

=
JEU T

Fig., 2

8. The flow of gas defined by formulas (2.3 ) and (2,5), whose particular cases
are shown in Fig, 1 are determinate in the whole plane | zx | < o0, which contains
the regions of vacuum W and of flow T. We shall derive the solution of the fol-
lowing problem, Let the steady flow (2,3), (2.5) in a gravity field define the input
data of the Cauchy problem in the plane |z, | < oo  for the unsteady solutions of
gasdynamics with independent variables Zj, Z3, and ¢ intheabsence of massforces.
Solution of that Cauchy problem corresponds to that of the problem of unsteady scatter of gas
fromregion T intovacuumtwith the gravity field instantaneously cancelled at the instant
oftime ¢ = ()

3.1
We set &k = 2 — 'g—tzv V (2123, t) = w(§y, &) + a2 @.1)

where @ = (o, @), u = (4, ¥;) and u (§;, &) is calculated by formulas (2.5)
in which &y is substituted for z; . We determine the speed of sound by the formula

&L E)=(y—1)[K — b — 0 — Yo (® B1, &) + w2 Br, &o))] B+ 2)
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Then formulas (3,1) and (3, 2) provide the solution of the formulated Cauchy prob-
lem that is definite for all ¢ & (0, o) and | x| < 0. The unsteady
equations of gasdynamics are satisfied in the absence of mass forces because the intro-
duced system of coordinates §;, & moves with constant acceleration along the bi-
sectrix of the first angle of coordinates, Since for t = 0 Ek=a, V=u

(x1, x5) and ¢ (&, &) = ¢ (24, x,), the stated initial data of the Cauchy problem
are satisfied, The obtained solution corresponds to a rarefaction at all ¢{. The dis-
charge front into vacuum from region I is formed by two planes

Zy = nix1+-§y-l/3v~1(l/3v—1¥l V—1)t2

that intersect at ¢ > 0 on the bisectrix of the first quadrant, The rate of discharge
into vacuum indefinitely increases with the increase of ¢.

The author thanks O, B, Khairullina for assistance in checking calculations and

carrying out computations,
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